In recent years adaptive feedforward control algorithms have been successfully implemented to attenuate the response of systems under persistent disturbances such as single and multiple tones as well as random inputs. System causality is not an issue when the excitation is sinusoidal because of its deterministic nature. However, causality is a very important factor in broadband control. Though significant deterioration in the performance of noncausal control systems have been reported in the literature, analytical tools are virtually nonexistent to predict the behavior of broadband controllers. The main objective of this research is to develop an approach to investigate system causality. A formulation is presented to address the effectiveness of a control configuration as a function of the filter size, delay time, and dynamic properties of the structure. The technique is illustrated in a simple numerical example and the results are also corroborated experimentally.
INTRODUCTION
A general arrangement of a feedforward control approach applied to a finite system is shown in Fig. 1 . The response of the system produced by the offending disturbance x(t) is canceled by a "coherent" control input u(t), which is obtained by tapping the disturbance input and feeding this signal into the compensator W. The compensator is computed such that the mean square value of some system response, i.e., the signal from an error sensor, is minimized. The feedforward control system is said to be causal when the signal fed into the compensator is obtained far enough in advance to allow time for the processing and propagation of the control signal to meet and cancel the disturbance signal at the error sensor. In other words, the propagation time of the disturbance x(t) through the control path should be less than or equal to the propagation time through the disturbance path. System causality is not a constraint when the excitation is sinusoidal because of the deterministic nature of the signal. Future values of the signal are completely predictable under steady-state conditions. On the other hand, causality is a very important issue in broadband control because future values of the excitation cannot be predicted due to the randomness of this type of excitation. The signal is only predictable in some statistical sense. In feedforward broadband control of infinitely long systems, such as ducts and beams where there are no reflected waves from boundaries, the response to the disturbance can always be sensed far enough upstream to yield a causal system. In finite reverberant systems, where standing wave phenomena occur at the natural frequencies, it could be difficult or virtually impossible to configure the control system to render the system causal.
Early broadband control experiments have shown deterioration in the performance due to delays in the control path that results in noncausal control systems. Warner and In practical implementation of digital controllers, the total control path delay is due to the smoothing filters, the sampling process for the controller, and the physical system itself. A causal controller can often be achieved by carefully choosing the distances between the disturbance and control inputs and the error sensors. This is particularly true in active control of acoustic enclosures where the wave speed is relatively low and the physical dimensions of the system are large. However, a causal system would be difficult to realize in many other situations, i.e., in active control of structural vibrations. Thus, the main goal of this work is to investigate the control performance of noncausal control systems, and to lay out the mathematical foundations to develop design guidelines of noncausal feedforward controllers. In contrast to the work of Nelson et al., 17 the formulation presented here is carried out in the frequencydomain. The analysis demonstrates that some control is always achievable for any degree of "noncausality" in a system. The work also shows that the performance degradation due to delay in the control path can be offset by increasing the compensator filter size. The proposed formulation is then applied to the case of a simply supported beam for illustrative results and also compared to an experimental investigation of the same system.
I. THEORY
The single input, single output feedforward control system shown in Fig. 2 is considered. The analysis is first carried out in the discrete time domain. The disturbance input is assumed to be a zero mean white noise stationary random process. The Z transform of the system response, Yi(z), can be written as follows
where TiE(z) is the transfer function between the disturbance input and the error output, and X(z) is the Z transform of the input signal. The system is controiled by feeding forward a reference signal, coherent to the disturbance, through the control filter W(z). The reference signal is obtained by tapping the disturbance input X(z) and passing it through a delay filter D(z) which is given by
The time delay produced by the filter D(z) is r=dt s, where ts is the sampling period that is related to the sampling frequency fs by ts= 1/fs. The time delay r represents the difference in propagation time of a pulse through the control and disturbance paths to the error sensor. The control system is causal by selecting the delay d=0, i.e., the 
where TcE(Z) is the transfer function between the control input and the error output, and U(z) is the Z transform of the control input. The response of the system can then be computed as the superposition of the response due to the disturbance and control inputs as follows
6(z) = [ TiE(z ) -Jr-D(z) W(z) TcE(Z) ]X(z). (5)
In feedforward control, the optimum filter weights that define the control input signal are determined by minimizing the mean square value of the error output. The 19 mean square value of e(z) can be computed as
z where •E•(z) is the discrete power spectral density function (PSDF) of the error sequence; j is the imaginary number; and the path of integration is counterclockwise on a circle centered at the origin on the z plane.
A. Frequency-domain analysis
The integration in Eq. (6) can be conveniently solved in the frequency domain by using the transformation i9 z=e jrøts,
which relates the discrete time variable z to the nonnormalized frequency w. Using Eq. (7), the integral in Eq. 
Replacing Eq. (7) into Eqs. (2) and (3) and these into Eq. 
The minimum mean square value of the controlled output response is the difference between the mean square value due to the disturbance alone and the quadratic form {Hr}r[R]-l{Hr}. Thus, the control system performance will be completely determined by the properties of this quadratic form.
The effectiveness of the control system can be measured by the performance ratio r/(dB) =10 log10(1 {Hr}r[R]-l{Hr}) the simply supported end conditions. The experimentally measured natural frequencies are presented in Table I . 
The analytical natural frequencies are also tabulated in Table I and they agree very well with the experimentally measured ones. These eigenproperties are used to compute the transfer functions Ti,•(z) and Tc,•(z) needed for the analysis. The derivation of these transfer function is detailed in the Appendix.
A. Causal control system
The behavior of the causal control system was first investigated by implementing a delay of 3 ms (de=6) into the disturbance path in the experimental setup. This experimental delay parameter is nearly equivalent to a delay parameter d=0 in the analysis. Figure 7 shows a comparison of the measured error signal before and after control using an adaptive FIR filter with 24 weights. Although the error was not completely canceled, a large amount of vibration attenuation was achieved by the controller. A corn- The good agreement between the analytical and experimental results, for both the causal and noncausal control systems, validates the proposed formulation as an analytical tool to predict control system performance. This simple laboratory demonstration shows that the formulation presented here can be used to predict the controller performance as a function of the system parameters such as delay time, sampling frequency, filter size, number of modes to control, etc. As an example, it is useful to predict the minimum filter size to achieve a required degree of reduction of the error signal. The causal controller of the experimental setup needed 12 coefficients to reduce the error variance by 15 dB. On the other hand, the noncausal controller, with a delay of 3 ms, requires 24 filter weights for the same reduction. However, increasing the filter size also slows the adaptive process and increases the computational effort. Thus, careful analysis of the control performance should be considered before a controller is implemented on a particular application.
C. Effect of damping
The effect of damping in a causal system is investigated by varying the modal viscous damping ratio/3 from 2% to 10%. As shown in Fig. 10 the decrease in damping results in better attenuation of the error output mean square value. This is due to the enhanced notch filtering effect of the structure that yields the response to resemble the superposition of multiple sinusoids whose frequencies are the natural frequencies of the structure. This behavior is described by Nelson et al. 17 as an increase in the "predictability" of the broadband input by the filtering effect of the structure. In the limiting case of the modal damping approaching zero, a filter with the number of coefficients equal to twice the number of modes to control would be sufficient to completely cancel the error signal. system. The results shows the same general deterioration in the performance with the increase in damping as for the causal system. The analytical formulation developed here can also be used to investigate the variation in the controller performance with different delays and spectral content of the broadband input disturbance.
IV. CONCLUSIONS
A formulation was developed to carried out causality analysis of feedforward controlled elastic systems subjected to broadband excitations. The control approach used is the feedforward control approach with a FIR filter as compensator. The proposed analytical tool was developed in the frequency-domain and can be used to predict the performance of this type of controllers in terms of system parameters such as delay time, damping, spectral content of the input, filter size, etc... It is demonstrated that reduction in the error signal mean square value is always achievable for any noncausal control system. The analysis also shows that the deterioration in the control performance due to the delay in the control path can be at least partially compensated by increasing the compensator order. The applicability of the formulation is demonstrated on a laboratory model of a simply supported finite beam. The control performance was investigated for both causal and noncausal systems as a function of the compensator size and system damping. The numerical results are also corroborated experimentally. Good agreement is observed between the numerically predicted and measured results, thus validating the proposed formulation. 
